Bose-Chaudhuri-Hocquenghem (BCH) codes have been widely employed in satellite communications, compact disc players, DVDs, disk drives, solidstate drives, two-dimensional bar codes and in cryptography more recently. However, there is only a little known about primitive BCH codes, let alone nonprimitive ones. In this paper, dimension of a special class of nonprimitive BCH codes of length n = q m + 1 ( which are also called antiprimitive BCH codes) are studied. Some new approaches, such as iterative algorithm, partition and scaling, are adopted to determine the first several largest coset leaders modulo n = q 2t+1 +1 along with coset leaders of
Introduction
The binary BCH codes were introduced independently by Hocquenghem in 1959 [1] and by Bose and Ray-Chaudhuri in 1960 [2] [3] . Immediately afterwards Gorenstein and Zierler generalized binary BCH codes to all finite fields. Since then, BCH codes have been studied deeply and developed generally because they have good error-correcting capability and efficient encoding and decoding algorithms.
However, it is a hard problem to determine the dimension and minimum distance of BCH codes as pointed by Charpin [4] and Ding [5] . It follows that little about their parameters is known in general by now.
Actually, the research into dimension of BCH codes began at the nearly same time when they were discovered [6] . For narrow-sense primitive BCH codes, there are a few papers acquiring some important conclusions on their dimension [7] [8] [9] [10] [11] [12] [13] [14] [15] , while only some sparse results on narrow-sense nonprimitive BCH codes are obtained [14] [15] [16] [17] [18] . Thereinto, Liu et al. [14] and Li et al. [15] successively study a class of antiprimitve BCH codes of length n = q m + 1. Fortunately, the family of BCH codes are also LCD codes(linear codes with complementary dual), which have a key role against side-channel attacks and fault noninvasive attacks in cryptography [19] . They acquired some achievements about the parameters of BCH codes of length n = q m + 1 for designed distance δ ≤ q ⌉ in [15] , respectively. Ding pointed out that it is difficult to find the second and third largest coset leaders δ 2 and δ 3 modulo n = q m + 1, which is helpful to deduce parameters of BCH codes [5] .
Motivated by the report of Ding [5] , on the basis of Refs. [14, 15] , Ref. [18] has determined the first five largest coset leaders modulo n = 2 m + 1 and calculated dimension related to designed distance δ greater than the fifth largest coset leader for m ≡ 0 mod 8. The objective of this paper is to study dimension of nonbinary BCH codes of length n = q m + 1, the main results are listed as follows:
(1): The first five (resp. six) largest coset leaders modulo n = q 2t+1 + 1 and their cardinalities are determined for q a power of 2 (resp. an odd prime power), which shall solve half of difficult problem proposed by Ding [5] .
(2): The coset leaders of C x modulo n = q m + 1 are determined for
which doubly extends the corresponding results of Refs. [14, 15] (in detail, x < q (2), by calculating cardinalities of relevant cyclotomic cosets, dimension of relevant nonbinary antiprimitive BCH codes are further obtained.
In Section 2, basic concepts on cyclotomic cosets, BCH codes and LCD codes are reviewed. In Section 3, the parameters of BCH codes of length n = q m + 1(m ≥ 4) with designed distances for q
⌉ + q). In Section 4, the parameters of BCH codes of length n = q 2t+1 + 1 with designed distances δ > δ 5 (resp. δ > δ 6 ) are determined for q a power of 2 (resp. an odd prime power). The final remarks are drawn in Section 5.
Preliminaries
In this section, we recall basic knowledge on cyclotomic cosets, cyclic codes, BCH codes and LCD codes. For more details, one can refer to Refs. [19] [20] [21] .
Throughout this paper, let q be a prime power and F q be the finite field with q elements. Denote
is principal, each cyclic code can be identified with C = (g(x)), where g(x) is monic and has the smallest degree among all the generators of C, and g(x) is called the generator polynomial of C.
If gcd(q, n) = 1 and x ∈ Z n , a q-cyclotomic coset modulo n containing x is defined by C x = {xq i mod n|0 ≤ i ≤ l − 1}, where l is the smallest positive integer such that q l x ≡ x mod n, the cardinality of C x is denoted by |C x | = l. The smallest integer in C x is called the coset leader of C x modulo n.
If ξ is a primitive n-th root of unity in some field containing F q , T = {i | g(ξ i ) = 0} is called the defining set of C = (g(x)). It is well known that T is the union of some q-cyclotomic cosets modulo n, the dimension k of C is determined by k = n− | T |, and the minimum distance d is also determined by T .
C is called a BCH code of designed distance δ if
and C can be denoted by C(n, q, δ, b) as given in [14, 15] . If b = 1, C is called a narrow-sense BCH code, and otherwise non-narrow-sense. If n = q m − 1, C is called a primitive BCH code, and otherwise nonprimitive. Particularly, if n = q m + 1, it is called an antiprimitive BCH code by Ding in [5] . Given two vectors x = (x 1 , x 2 , · · · , x n ) and y = (y 1 , y 2 , · · · , y n )∈ F n q , their Euclidean inner product is denoted by (x, y) = x 1 y 1 + x 2 y 2 + · · · + x n y n .
The Euclidean dual code C ⊥ of C is defined by
In the sequel, we only pay attention to nonbinary antiprimitive BCH codes with defining sets T = C 1 ∪ C 2 ∪ · · · ∪ C δ−1 and T 0 = C 0 ∪ C 1 ∪ · · · ∪ C δ−1 for δ, which are also LCD codes and can be denoted by C(n, q, δ, 1) and C(n, q, δ + 1, 0), respectively. Hence, the parameters of the BCH codes are
Proof For n = q m +1, C x is a cyclotomic coset modulo n containing x ∈ Z n . Since ord q (n) = 2m, it naturally follows that |C x | is at most 2m and C x can be given by C x = {y x,0 , y x,1 , y x,2 , ..., y x,2m−1 },
, it is easy to observe that x is a coset leader of C x if and only if y x,k − x ≥ 0 and n − y x,k − x ≥ 0 for 0 ≤ k ≤ m − 1.
Remark: Proposition 2.1 will be continually employed below. In the sequel, for simpleness, we won't refer to it one by one when it is adopted. Let "x ≡ y" denote "x ≡ y mod n" unless noted additionally. We omit the words "modulo n" when we mention cyclotomic cosets, coset leaders and so on. "x is a coset leader" means "x is a coset leader of C x modulo n". It is obvious that if x ∈ Z * n and x ≡ 0 mod q, then x q ∈ C x and x is not a coset leader. Obviously, to determine coset leaders in T , one only needs to consider x for x ≡ 0 mod q.
For clarity, we provide an example as follows.
Example 2.2. If n = 3 2 + 1 = 10, by Proposition 2.1, we shall obtain following cyclotomic cosets. 
Dimension of BCH codes with larger designed distances
Dimension of C(q m + 1, q, δ, 1) and
⌉ has been given in Refs. [14, 15] . This section devotes to develop their results and presents precise dimension for larger designed distances, in detail, q
Suppose m ≥ 4 and n = q m + 1, we split into two subsections according to parity characteristic of m. In each subsection, the coset leaders and cardinalities of cyclotomic cosets are firstly determined, then the dimension of relevant BCH codes can be calculated. (1) If 1 ≤ x ≤ q t − 1, then x is a coset leader, see [14, 15] .
BCH Codes of length
Proof Since (1) has been derived by [14, 15] , it suffices to prove the items (2) and (3). (2): To verify (2), one only needs to show y x,k −x ≥ 0 and n−y x,k −x ≥ 0 for all x ∈ I = [q t + 2, 2q t − 2] and k ∈ [0, 2t − 1]. Next, we will give the proof through following subcases according to k.
into q k−t disjoint subintervals as follows:
, we get that
, we obtain that
It is easily derived that
According to the previous results on the coset leaders and their cardinalities, the following theorem holds. Theorem 3.3. For given q and m = 2t,
(1) the narrow-sense BCH codes C(n, q, δ, 1) have parameters
(2) the BCH codes C(n, q, δ + 1, 0) have parameters
(1) If 1 ≤ x ≤ q t+1 − q − 1, then x is a coset leader, see [14, 15] .
then x is not a coset leader.
Proof The proof is similar to that of Theorem 3.1
According to the previous results on the coset leaders and their cardinalities, the following theorem holds. (1) the narrow-sense BCH codes C(n, q, δ, 1) have parameters
4. BCH Codes for n = q m + 1 with m = 2t + 1 ≥ 5
Throughout this section, let n = q 2t+1 + 1 with t ≥ 2. We split into two subsections for q even or odd as follows.
BCH Codes for
In this subsection, Lemma 4.1 will show δ i (1 ≤ i ≤ 5) are all coset leaders, while Lemmas 4.2 and 4.3 verify x is not coset leader for x > δ 2 and x = δ 1 . Base on Lemmas 4.1-4.3, it is not difficult to determine the first five largest coset leaders modulo n = q 2t+1 + 1 in Theorem 4.4. After Lemma 4.5 shows the cardinality of every δ i , dimension of relevant BCH codes can be precisely calculated in Theorem 4.6. Step 1: We show y δ 2 ,k − δ 2 ≥ 0 and n − y δ 2 ,k − δ 2 ≥ 0 in five subcases:
(1.3): If k = 2, we can obtain
(1.4): If k = 3, 5, · · · , 2t − 1, then we can deduce that
(1.5): If k = 4, 6, · · · , 2t, it can be similarly derived that
From the five cases above, we can conclude δ 2 is a coset leader.
Step 2: We show y δ 3 ,k − δ 3 ≥ 0 and n − y δ 3 ,k − δ 3 ≥ 0 in three cases: (2.1): If k = 0, we can easily obtain that y δ 3 ,k = δ 3 and n−y δ 3 ,k = n−δ 3 > δ 3 .
(2.2): If k = 1, we have
(2.4): If t ≥ 3 and k = 3, 5, · · · , 2t − 3, then we can deduce that
(2.5): If t ≥ 3 and k = 4, 6, · · · , 2t − 2, then we can similarly infer that
(2.6): If k = 2t − 1, then we have
(2.7): If k = 2t, then we have
From the seven cases above, we can conclude δ 2 is a coset leader. By Steps 1 and 2 above, we have shown δ 2 and δ 3 are coset leaders, respectively. Similar to Steps 1 and 2, we can also attain δ 4 and δ 5 are both coset leaders, the detailed proofs are omitted.
To show that δ 2 is the second coset leader in the next Lemma 4.2, we introduce firstly an Iterative algorithm for partitioning J (t) = [1, (q − 1)q 2(t−2) ] into some subintervals for t ≥ 2. Iterative algorithm:
, set the initial conditions:
a partition of J (t) (t ≥ 4) is obtained as
where
For clarity, we explain the partition process in detail as following:
is given as
] is obtained as
Remark. For 0 ≤ i ≤ t − 2, from the Iterative algorithm above, we can infer that (1):
Proof Applying the Iterative algorithm above, similar to the proof of Lemma 3.3 in [18] , the lemma can be proved. Proof According to the proof of Lemma 4.1, it is not difficult to show that it holds.
BCH codes with q odd prime
Suppose q is an odd prime power in this subsection, we only list our main results, omitting their proofs because of the similarity with last subsection. 
Conclusion
In this paper, the attention is focused on parameters of antiprimitive BCH codes. Adopting some new approaches such as iterative algorithm, partition and scaling, we have investigated coset leaders of C x modulo n = q m + 1. Combining the cardinalities of these cyclotomic cosets, we have presented precisely dimension of some antiprimitive BCH codes. On the one hand, the difficult problem pointed out by Ding in [5] is partially solved; on the other hand, the results in Ref [14, 15] are further developed. Some additional techniques are looked forward to be proposed, and much more achievement on parameters of nonprimitive (negacyclic, constacyclic) BCH codes are expected to come forth.
